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Stability lobe diagramAbstract An analytical model for chatter stability prediction in bull-nose end milling of
aero-engine casings is presented in this paper. And the mechanics and dynamics variations due
to the complex cutter and workpiece geometry are considered by analyzing the effects of the lead
angle on the milling process. Firstly, the tool-workpiece engagement region is obtained by using
a previously developed method and divided into several disk elements along the tool-axis direction.
Secondly, a 3D dynamic model for stability limit calculation is developed and simpliﬁed into a 1D
model in normal direction considering only the dominant mode of the workpiece. Then the cutting
force coefﬁcients, the start and exit angles corresponding to each disk element are determined. And
the total stability lobe diagram is calculated using an iterative algorithm. Finally, several
experimental tests are carried out to validate the feasibility and effectiveness of the proposed
prediction approach.
ª 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Thin-walled parts have been widely used in the aerospace
industry, such as aero-engine casings, blades and impellers.
They can signiﬁcantly help to improve the working perfor-
mance of aircraft. However, due to the complex structures
and weak rigidity of their own, they also bring many machin-
ing difﬁculties and challenges. Chatter is one of the mainmachining problems, which leads to poor surface ﬁnish and
low production efﬁciency.1–16 In order to avoid chatter, the
milling process must be conducted in a stable state. Thus,
the machining stability prediction becomes very important in
achieving good machining quality and high productivity.
Many studies have been focused on this issue.
Tobias and Fishwick1, as well as Tlusty and Polacek2 devel-
oped the stability lobe theory in orthogonal cutting process,
which makes it possible to predict the chatter phenomena of
milling process. Altintas and Budak3 presented an analytical
method to generate stability lobe diagram directly in the fre-
quency domain. They considered the average term in the
Fourier series expansions as the approximation of time-
varying directional coefﬁcients and used an eigenvalue solution
to solve the critical depth of cut. However, the single-frequency
method cannot predict the additional stability region and the
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come this problem, Budak and Altintas4,5 developed a multi-
frequency solution of chatter stability, which includes the
higher order terms of the Fourier series expansions. And
Merdol and Altintas6, Gradisˇeka et al.7 extended the multi-
frequency approach and the semi-discretization method to
the milling cases of low radial immersion.
The dynamics of ﬂat end milling are considered in the
transversal directions of the cutter. However, for ball and
bull-nose end milling, the dynamics must be considered in all
the three directions.8–16 Altintas8 extended the two dimen-
sional chatter stability theory to a three-dimensional chatter
problem by adding the dynamics in the tool-axis direction.
Based on this work, Seguy et al.9, Campa et al.10,11 and
Adetoro et al.12,13 calculated the stability lobe diagrams in
bull-nose end milling of thin ﬂoors and thin walls by consider-
ing the nonlinearities of the axial immersion angle and the cut-
ting force coefﬁcients. For multi-axis milling, the effects of tool
positions on the process geometry, mechanics and dynamics
cannot be ignored. Shamoto and Akazawa14, Budak and
Ozturk15,16 studied the inﬂuences of lead and tilt angles on
the engagement region and predicted the chatter stability of
ﬁve-axis ball end milling.
Aeroengine casings are typical thin-walled parts with ring-
shaped and closed geometry structures and also present
machining problems due to chatter. However, unlike the
milling of thin plates, the dynamics in the milling of aero-
engine casings is more complex owing to the symmetry of
the structure and the support of the ﬁxture.17,18 The cutting
deformation and vibration occur mainly in radial direction
of the part and have a certain symmetry in circumferential
direction of the part. The thinner the wall thickness is, the
worse the cutting deformation and vibration become. And
the dynamics of the process system such as the natural fre-
quency and the stiffness will change signiﬁcantly in the mate-
rial removal process, even a small part of the undesired
material is removed. Normally, the aero-engine casings are
ﬁxed by the axial pressing and radial supporting forms. AndFig. 1 Coordinate systthe dynamics of the part will be signiﬁcantly different with
different pressing forces or different supporting positions. All
the above factors will make the milling process exhibit the
nonlinear and strong time-varying characteristics, thus
inducing drastic cutting chatter. Therefore, chatter prediction
and suppression in the milling of aero-engine casings become
more difﬁcult.
In this paper, a calculation method of stability lobe dia-
grams in four-axis bull-nose end milling of aero-engine casings
is presented. Firstly, the tool-workpiece engagement region is
determined by considering the inﬂuences of lead angle. And
based on the engagement region, the start and exit angles of
each disk element, the directional coefﬁcients can be obtained.
Secondly, the chatter stability model is developed and simpli-
ﬁed to 1D model by considering only the normal direction
dynamics. And the total stability lobe diagram is obtained
by using an iterative algorithm. Lastly, several milling tests
veriﬁes the feasibility and effectiveness of the chatter stability
prediction method.
2. Chatter stability model
The chatter stability model used in this paper is the 3D model
proposed by Altintas.8 And the effects of lead angle on the
engagement region, thus, on the directional coefﬁcients are
also discussed. The helix angle and the process damping are
not taken into account in this chatter theory.
2.1. Calculation of tool-workpiece engagement region
In order to calculate the tool-workpiece engagement region,
three coordinate systems are deﬁned in four-axis milling
process, as shown in Fig. 1. The ﬁrst one is a ﬁxed coordinate
system, MCS, formed by the X, Y and Z axes of the machine
tool. The second one is the process coordinate system, FCN,
consisting of feed F, cross-feed C and surface normal N axes.
x, y, z are the tool-axis coordinate in the TCS. The last oneems and lead angle.
Fig. 2 Calculation of engagement region.
1768 X. Zhou et al.is the tool coordinate system, TCS, which is the rotated form
of the FCN. In FCN, the tool-axis direction is deﬁned by a
lead angle h, which can be determined as
h ¼ arcsin de1 
D
2
 Rc
 
Rc
ð1Þ
with
h ¼ arcsin de2
Rm
ð2Þ
de ¼ de1 þ de2 ð3Þ
where D is the cutter diameter, Rc the cutter corner radius, Rm
the machined surface radius, de the eccentric distance, de1 the
ﬁrst part of the eccentric distance and de2 the second part of
the eccentric distance.Fig. 3 Dynamic milling model for bull-nThe engagement region is located between the toroidal sur-
face rotated by cutter edges and the workpiece solid, as shown
in Fig. 2. In this paper, the previously developed method19 is
extended to calculate the tool-workpiece engagement region.
The algorithm is as follows. Firstly, several slices are inserted
between the machined and blank surfaces to get the intersec-
tion curves between the slices and the toroidal surface.
Secondly, by determining the minimum distance from the
intersection curves to the reference planes, the reference points
can be obtained. Then, the engagement boundary can be ﬁxed
with a spline curve ﬁtted by the reference points and an inter-
section curve between the blank surface and the toroidal sur-
face. This method can be used in three different cutting
cases: ﬁrst cut, following cut and slotting cut.
2.2. Calculation of dynamic cutting forces
During the milling process, the cutting forces excite the work-
piece and then cause dynamic displacements in all three direc-
tions, as shown in Fig. 3. kX, kY and kZ are the X, Y and Z
axial stiffness in the MCS, respectively. cX, cY and cZ are the
X, Y and Z axial damping in the MCS, respectively. The
dynamic displacements lead to a modulated chip thickness,
which consists of two components: the static and dynamic chip
thickness. The static chip thickness can be removed since it
does not contribute to the chatter stability. The dynamic chip
thickness between the present edge and the previous edge can
be calculated as
hjð/j; cÞ ¼ ðDr sin c Dz cos cÞgð/jÞ ð4Þ
with
Dr ¼ Dx sin/j þ Dy cos/j ð5Þ
Dx ¼ xðtÞ  xðt TÞ
Dy ¼ yðtÞ  yðt TÞ
Dz ¼ zðtÞ  zðt TÞ
8><
>: ð6Þose end milling of aero-engine casings.
Chatter stability prediction in four-axis milling of aero-engine casings with bull-nose end mill 1769gð/jÞ ¼
0
1
for otherwise
for /st < /j < /ex
(
ð7Þ
where /j is the instantaneous angular immersion of tooth j, c
the axial immersion angle and Dr the radial dynamic displace-
ment. Dx, Dy and Dz are the x, y and z axial dynamic displace-
ments in the TCS, respectively. xðtÞ, yðtÞ, zðtÞ and xðt TÞ,
yðt TÞ, zðt TÞ represent the relative dynamic displacements
between the workpiece and cutter at the present time t and pre-
vious tooth periods t T, respectively. T the tooth passing
period. gð/jÞ is a unit step function. /st and /ex are the start
and exit angles, respectively.
For a bull-nose end mill, the axial immersion angle c is vari-
able along the tool-axis direction. And it can be expressed as
c ¼
p arccos Rcz
Rc
for z 6 Rc
p
2
for z > Rc
8<
: ð8Þ
The cutting forces are normally separated into edge and cut-
ting components in the linear force model. The edge forces
caused by the plowing between ﬂank face of the cutter and
the ﬁnished surface can be expressed as the product of the edge
force coefﬁcients and the length of the elemental edge. While
the cutting forces caused by the shearing of material at the rake
face can be expressed as the product of the cutting force coef-
ﬁcients, the uncut chip thickness and the chip width. The edge
forces do not take into account the chatter stability model, as
they are not related to the chip thickness, in other words, they
do not contribute to the regenerative chatter. The dynamic cut-
ting forces on tooth j in the tangential, radial and axial direc-
tions can be deﬁned as
Ft;jð/j; cÞ ¼ Ktahjð/j; cÞ
Fr;jð/j; cÞ ¼ Krahjð/j; cÞ
Fa;jð/j; cÞ ¼ Kaahjð/j; cÞ
8><
>: ð9Þ
where Kt, Kr and Ka are the tangential, radial and axial cutting
force coefﬁcients, respectively. a is the axial depth of cut.
Then those forces can be mapped into Cartesian coordinate
system as follows:
Fx;jð/j; cÞ
Fy;jð/j; cÞ
Fz;jð/j; cÞ
2
64
3
75 ¼M
Ft;jð/j; cÞ
Fr;jð/j; cÞ
Fa;jð/j; cÞ
2
64
3
75 ð10Þ
with
M ¼
 cos/j  sin c sin/j cos c sin/j
sin/j  sin c cos/j cos c cos/j
0  cos c  sin c
2
64
3
75 ð11Þ
Substituting Eq. (9) into Eq. (10) and summing the cutting
forces contributed by all cutting edges, the total dynamic
milling forces can be obtained as:
FxðtÞ
FyðtÞ
FzðtÞ
2
64
3
75 ¼ aKtA0
Dx
Dy
Dz
2
64
3
75 ð12Þ
where FxðtÞ, FyðtÞ and FzðtÞ are the cutting forces along the x-,
y- and z-axis directions in time domain, respectively. A0 is the
matrix of directional coefﬁcients.8
Using the mono-frequency solution, Eq. (12) can be
reduced to Eq. (13):FxðtÞ
FyðtÞ
FzðtÞ
2
64
3
75 ¼ Nf
4p
aKtA1
Dx
Dy
Dz
2
64
3
75 ð13Þ
where Nf is the ﬂute number and A1 the directional factor
matrix.
2.3. Calculation of stability limit
Using the transfer function at the cutter-workpiece contact
area, the dynamic displacements can be described in frequency
domain:
DxðixcÞ
DyðixcÞ
DzðixcÞ
2
64
3
75 ¼ 1 eixcT G
FxðixcÞ
FyðixcÞ
FzðixcÞ
2
64
3
75eixcT ð14Þ
where xc is the chatter frequency. G ¼ Gc þ Gw is the sum of
the transfer function matrixes of the cutter and the workpiece.
Therefore, Eq. (13) can be expressed as
FxðixcÞ
FyðixcÞ
FzðixcÞ
2
64
3
75 ¼ Nf
4p
aKtð1 eixcTÞA1G
FxðixcÞ
FyðixcÞ
FzðixcÞ
2
64
3
75 ð15Þ
Then Eq. (15) becomes an eigenvalue problem, where Eq. (16)
deﬁnes the stability and Eq. (17) deﬁnes the eigenvalue k .
detfIþ kA1Gg ¼ 0 ð16Þ
k ¼ Nf
4p
aKt 1 eixcT
  ð17Þ
The critical axial depth of cut alim and the corresponding spin-
dle speeds n for each lobe k are obtained as
alim ¼  2pReðkÞ
NfKt
1þ ImðkÞ
ReðkÞ
 2" #
ð18Þ
n ¼ 60xc
Nf ð2kþ 1Þp 2 arctan ImðkÞReðkÞ
 h i ð19Þ2.4. Simpliﬁed 1D model for four-axis milling
During the bull-nose end milling of aero-engine casings, a
small lead angle is required to keep the bottom cutting edges
from cutting materials, thus achieving a better surface ﬁnish.
The smaller the lead angle is, the bigger the cutting width
becomes. In addition, a small lead angle can meet the needs
of tool-axis directions because the outer surfaces of aero-
engine casings have relatively open spaces.
For the milling of aero-engine casings, the tool is rigid com-
pared to the workpiece. In other words, the workpiece is con-
sidered to be ﬂexible. And the displacement of the workpiece
occurs only along the normal direction. When the lead angle
is equal to zero, the surface normal direction coincides with
the tool-axis direction. However, when the lead angle is equal
to a small value, the dynamic displacement in surface normal
direction can be approximated by the dynamic displacement
in z direction. And the dynamic displacements in x and y direc-
tions can be ignored because they are minor compared to the
dominant mode. Hence, the chatter stability model presented
Fig. 4 Mechanics and dynamics of disk l.
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The stability problem in Eq. (15) can be simpliﬁed into
FzðixcÞ ¼ Nf
4p
aKt 1 eixcT
 
azzGzðixcÞFzðixcÞ
¼ Nf
2p
aKtazzRe½GzðixcÞFzðixcÞ ð20Þ
with
azz ¼ / Krðcos2cþ 1Þ þ Ka sin 2c½ /ex/st ð21Þ
Re GzðixcÞ½  ¼ 1 d
2
z
kz 1 d2z
 2 þ 2nzdzð Þ2h i ð22Þ
where dz ¼ xc=xn, xn is the natural frequency of the mode. kz
the stiffness and nz the damping ratio.
When the lead angle h is equal to 0 degree, the cutting depth
a is deﬁned along both the tool-axis and surface normal direc-
tions. However, in four-axis milling process, the axial depth of
cut az varies as the lead angle h changes, as shown in Fig. 4.
And it can be determined as
az ¼ a
cos h
ð23Þ
Then the stability problem in four-axis milling process can be
obtained:
FzðixcÞ ¼ Nf
2p cos h
aKtazzRe½GzðixcÞFzðixcÞ ð24Þ
Because of the complex cutter and workpiece geometry, the
cutting force coefﬁcients, the start and exit angles are not con-
stant along the tool-axis direction. Then a disk-based method
developed by Budak and Ozturk15,16 is extended to calculate
the stability limit in four-axis milling of aero-engine casings.Fig. 5 Experimental setup of aero-engine casing milling.
Fig. 6 Tool-workpiece engagement regions with three different
lead angles.The bull-nose end mill is divided into several disk elements
along the tool-axis direction. And each disk element has a
height of Da. For the disk l, the stability problem in Eq. (24)
can be expressed as
Fig. 7 Cutting force coefﬁcients.
Table 2 Modal parameters of workpiece.
xn (Hz) nz kz(N/m)
h= 0 h= 4 h= 8
794.384 0.036 4.247 · 107 4.258 · 107 4.289 · 107
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Nf
2pcosh
DaKlta
l
zzRe½GzðixcÞFlzðixcÞ ð25Þ
In order to obtain the total stability limit of the process system,
the dynamics of all the disk elements have to be summed up:
FzðixcÞ ¼ Nf
2pcosh
Da
Xm
l¼1
Klta
l
zz
 !
Re½GzðixcÞFzðixcÞ ð26Þ
where m is the total number of disk elements.
Then the stability limit corresponding to Da is obtained:
Dalim ¼ 2pcosh
Nf
Xm
l¼1
Klta
l
zz
 !
Re½GzðixcÞ
ð27Þ
And the spindle speed is expressed as follows:
n ¼ 30xc
Nf ðkþ 1Þp arctan d
2
z1
2nzdz
 h i ð28Þ
Because there are m disks in the calculation, the total stability
limit for a given chatter frequency xc is calculated in the fol-
lowing form:
alim ¼ mDalim ð29Þ
In the solution of the stability limits, the following procedure is
used. Firstly, the cutting depth a begins from an initial value
Da and increases with a step size Da:
And for each cutting depth, the tool-workpiece engagement
region is determined. Secondly, the total stability lobe diagram
can be obtained by sweptwing the chatter frequency xc around
a predetermined chatter frequency range. The calculation pro-
cess will not stop until all the determined stability limits alim in
the stability lobe diagram are less than the cutting depth a.
3. Experimental results and discussion
To validate the proposed method, several milling tests were
carried out on a high-speed milling center, as shown in
Fig. 5. Cemented carbide and 304 stainless steel were used as
the cutter and the workpiece materials, respectively. The tool
is a bull-nose end mill with 4 ﬂute, 12 mm diameter, 2 mm cor-
ner radius and 30 helix angle. The workpiece is a cylindrical
pipe with 211 mm inner diameter and 217 mm outer diameter.
The milling tests are a series of slotting, where the feed rate isTable 1 Start and exit angles for each disk with three different lead
Lead angle Item Disk
1 2 3 4 5
0 /st (rad) 0.0995 0.0555 0.0410 0.0319 0.
/ex (rad) 3.0421 3.0861 3.1006 3.1097 3.
z (mm) 0.1000 0.3000 0.5000 0.7000 0.
4 /st (rad) 0.2887 0.1611 0.1154 0.0879 0.
/ex (rad) 2.8529 2.9805 3.0262 3.0537 3.
z (mm) 0.1049 0.3049 0.5049 0.7049 0.
8 /st (rad) 0.4638 0.2642 0.1886 0.1440 0.
/ex (rad) 2.6778 2.8774 2.9530 2.9976 3.
z (mm) 0.1195 0.3195 0.5195 0.7195 0.320 mm/min, the axial depth of cut is 0.5 mm and 1.0 mm and
the radial depth of cut is 12 mm. In order to ensure the consis-
tency of dynamics along the circumferential direction, the
aeroengine casing was ﬁxed by axial pressing without other
supporting forms.
Based on the previously developed engagement model, sev-
eral tool-workpiece engagement regions with three different
lead angles are calculated as shown in Fig. 6. For each engage-
ment region, several disk elements are obtained in tool-axis
direction. And start and exit angles for each disk are deter-
mined and given in Table 1.
The cutting force coefﬁcients are calculated as functions of
the tool-axis coordinate using the approach developed by Gao
et al.20 as shown in Fig. 7. With elevation z as the independent
variable, the cutting force coefﬁcients corresponding to each
disk can be obtained.
The modal parameters of the aeroengine casing measured
by using impact tests and ﬁnite element simulations are listed
in Table 2. The locations for the milling and impact tests are
consistent.angles.
6 7 8 9 10 11
0249 0.0192 0.0142 0.0097 0.0057 0.0018 0.0000
1167 3.1224 3.1274 3.1319 3.1359 3.1398 3.1416
9000 1.1000 1.3000 1.5000 1.7000 1.9000 2.1000
0680 0.0523 0.0391 0.0272 0.0159 0.0051 0.0000
0736 3.0893 3.1025 3.1144 3.1257 3.1365 3.1416
9049 1.1049 1.3049 1.5049 1.7049 1.9049 2.1049
1114 0.0854 0.0636 0.0438 0.0252 0.0072 0.0000
0302 3.0562 3.0780 3.0978 3.1164 3.1344 3.1416
9195 1.1195 1.3195 1.5195 1.7195 1.9195 2.1195
Fig. 8 Stability lobe diagrams at different lead angles.
Fig. 9 Stability lobe diagram for 4 lead angle.
Fig. 10 Cutting forces and machin
1772 X. Zhou et al.Then the stability lobe diagrams for four-axis milling of
aeroengine casing with different lead angles can be calculated
by the presented approach as shown in Fig. 8. It can be found
that the chatter stability boundary grows in the vertical direc-
tion which does not move in the horizontal direction with the
increase of lead angle. For a ﬁxed milling system, the larger the
lead angle, the greater the minimum stability limit. This is
because the tool-workpiece engagement region will become
smaller as the lead angle increases. And the interaction
between the cutter and the workpiece will become weak.
In the stability lobe diagram of 4 lead angle, there are three
different cutting status: chatter, transitional and stable, as
shown in Fig. 9. The transitional cutting status means that
the predicted chatter frequency can be seen very slightly in
the spectrum of the measured force. This status often appears
near the chatter stability boundary in the stability lobe dia-
gram. And the unstable and stable zones can be seen above
and below the chatter stability boundary, respectively.
The normal cutting force data and the corresponding spec-
tra at two points (points A and B in Fig. 9) are presented in
Fig. 10. The cutting status at point A with a spindle speed of
3500 r/min and cutting depth of 0.5 mm is unstable with a
chatter frequency of 594.0 Hz. It can be seen that the ampli-
tude at the chatter frequency is higher than the amplitude at
the tooth passing frequency, which demonstrates that the
milling process is unstable. While the cutting status at point
B with a spindle speed of 5000 r/min and cutting depth of
0.5 mm is stable. For point B, the maximum amplitude occurs
at a tooth passing frequency of 333.3 Hz in the cutting force
spectrum, whereas the amplitude at the natural frequency of
the workpiece is very small. The surface ﬁnishes for the points
A and B are also shown in Fig. 10. And the cutting marks val-
idate the accuracy of the proposed prediction approach.ed surfaces for points A and B.
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(1) A 3D chatter stability model for bull-nose end milling of
aeroengine casings is developed in this paper. And the
3D model can be simpliﬁed to a 1D model in surface
normal direction considering only the dominant mode
of the workpiece.
(2) The model is extended to four-axis machining by adding
the effects of the lead angle in the milling process. The
tool-workpiece engagement region is determined by
using a slice-based method and divided along the tool-
axis direction into several disks. And the total stability
lobe diagram for the process system is obtained by an
iterative algorithm.
(3) The model and approach are validated by analyzing
experimental results and a good agreement has been
achieved.
(4) The proposed method can be used to predict chatter sta-
bility in four-axis milling of aeroengine casings, where a
small lead angle should be selected. While for the case of
large lead angle or ﬁve-axis milling, the 3D model that
will be developed in the future must be used because
the dynamic displacements in all three directions play
important roles in the regenerative chatter.
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